Two-dimensional flow around a circular cylinder forced to follow an elliptical path at low Reynolds numbers is investigated numerically using a thoroughly tested in-house code based on the finite difference method. Time-mean (TM) and rms values of lift, drag and base pressure coefficients are investigated within the lock-in region against the transverse oscillation amplitude for Reynolds number Re=150 at frequency ratios of 0.8, 0.9 and 1.0 while the ratio of in-line and transverse cylinder oscillation amplitudes is kept at six different values yielding slender elliptical cylinder paths. The objective of the paper is to investigate the effect of the shape of the path, or amplitude ratio, on force coefficients. Findings show that for the cases investigated the rms of lift and TM of drag and base pressure are hardly affected by the amplitude ratio, while its effects are pronounced on the TM of lift and rms of drag and base pressure.
INTRODUCTION
Flow past bluff bodies, especially past circular and rectangular cylinders, has been studied widely because of its practical implications. A few examples of the numerous studies for the experimental and numerical investigations of flow past a stationary cylinder placed in a uniform flow are Norberg (2001) , Mittal (2001) and Posdziech and Grundmann (2007) . When vortices are shed from a structure, a periodic force is generated that can lead to the vibration of the structure, especially when the damping is small and the vortex shedding frequency is near to the natural frequency of the body. This large amplitude oscillation can result in damage to the structure. The vibration of stacks, silos or tube bundles of heat exchangers are some examples of potentially harmful fluid-structure interaction.
Classic studies of flow around a cylinder begin with a stationary cylinder, but there is growing interest in dealing with cylinders in motion, since vortex shedding generates a periodic force on the cylinder, leading to oscillation. Many researchers have dealt with one-degree-of-freedom (1-DoF) motion, most usually cylinder oscillation transverse to the main stream (e.g., Williamson and Roshko, 1988; Lu and Dalton, 1996; Blackburn and Henderson, 1999; Meneghini and Bearman, 1997; Leontini et al., 2006a and Kaiktsis et al., 2007) . This has been observed in silos, chimneys, and other slender structures. The other type of 1-DoF, oscillation in line with the stream (see e.g., Okajima et al., 2004 , Al-Mdallal et al., 2007 , and Mureithi et al., 2010 , also has the potential to occur; it is blamed, for example, for the shutdown of the Monju fast-breeder nuclear power plant in Japan (Nishihara et al., 2005) .
In most cases, oscillation occurs in both transverse and inline directions, yielding a two-degree-of-freedom (2-DoF) motion. While there are several studies available in the literature for 1-DoF motion, papers dealing with either free or forced 2-DoF cylinder motions are scarce. In many cases, structures are not rigidly supported or fixed in place; they are supported in a way that allows them to move within limits. This free motion is usually modeled by an elastically supported cylinder.
In practice, basically two types of cylinder motions are observed for elastically supported cylinders: (a) when the frequency of cylinder oscillation in streamwise direction is double that of the transverse direction (f x =2f y ) yielding a figure-8 type path, and (b) when the cylinder oscillation frequency in the two directions are identical (f x =f y =f) resulting in elliptical or orbital paths. Kheirkhah et al. (2012) , who found elliptical trajectories in their experimental study for an elastically supported rigid cylinder, suggest that it is yet unclear as to what factors result in the appearance of either figure-8 or elliptical trajectories in the synchronization (or lock-in) region (where the flow synchronizes with the cylinder motion). Experimental or numerical studies for either free or forced figure-8 cylinder motions include Jeon and Gharib (2001) , Jauvtis and Williamson (2004) , Prasanth and Mittal (2009) , Sanchis et al. (2008) and Baranyi (2012) . There is relatively little research carried out for flow past a circular cylinder following elliptical paths. Stansby and Rainey (2001) and Didier and Borges (2007) carried out numerical investigations for flow past cylinders following circular paths. While the cylinder was flexibly mounted in the case of Stansby and Rainey (2001) , it was forced to follow the circular path in the study of Didier and Borges (2007) . Baranyi (2008) showed results of numerical simulation of low Reynolds number flow (Re=120-180) past a circular cylinder in forced orbital motion. He systematically changed the transverse oscillation amplitude while keeping the in-line amplitude constant. When plotting results against transverse amplitude A y , jumps were found in the time-mean (TM) and root-mean-square (rms) of lift, drag and base-pressure coefficients and also in the mechanical energy transfer between the fluid and cylinder. These jumps are the symptoms of vortex switches. Baranyi (2010) in his numerical study obtained elliptical paths by adding a small amplitude transverse oscillation to the pure locked-in in-line oscillation or by adding a small amplitude in-line oscillation to the pure locked-in transverse oscillation. The two cases behaved very differently. In the first case jumps occurred in the time-mean and rms curves of force coefficients and in the second no jumps were observed.
Investigations in which the cylinder motion is forced -that is, the cylinder is mechanically oscillated and the flow reacts to this -are also quite common. Williamson and Govardhan (2004) state that it is an open question whether results of forced motion studies can be used to predict free motion -note, however, that the famous vortex shedding mode map for transverse oscillation (Williamson and Roshko, 1988) was created based on experimental forced-motion studies. On the other hand, forced motion is considered by some to be a 'useful tool' for predicting regions where vortex-induced vibration is possible (Leontini et al. 2006a ). For instance, in one of their numerical studies they identified the lock-in thresholds of a cylinder in forced transverse oscillation, and a comparison with oscillation amplitude values for an elastically-supported cylinder showed free-motion values falling within these thresholds, indicating that prediction is possible (Leontini et al., 2006b) .
For flow past a stationary cylinder, Barkley and Henderson (1996) proved that 3D instabilities occur at around Reynolds number Re=189 (Mode A) and Re=259 (Mode B) meaning that a 2D code should not be used above Re=189 for flow past a stationary cylinder. For an oscillating cylinder, however, experimental (Bearman and Obasaju, 1982) and numerical evidence (Poncet, 2002) has shown that synchronization between flow and cylinder motion (i.e., lock-in) increases the span-wise correlation of signals and the two-dimensionality of the flow compared to flow around stationary cylinders. Poncet (2002) demonstrates how the 3D wake behind a circular cylinder at Re=500 can be made 2D using lock-in triggered by rotary oscillation of the cylinder. However, no precise Re has yet been determined for the onset of 3D instability. While Lu and Dalton (1996) and Blackburn and Henderson (1999) have attempted to carry out 2D studies for forced cylinder oscillation at Re as high as 1000 and 500, respectively, for total reliability a 2D investigation is still limited to quite low Reynolds numbers. Lower Re is useful for modeling problems even in higher Re flow, since studies have shown that many phenomena in FSI are only weakly dependent on Reynolds number, and thus prediction of flow-induced vibration effects at larger Re is possible (see Newman and Karniadakis, 1995) .
So far no systematic investigation of the effect of the shape of an elliptical path on force coefficients has been carried out. Kheirkhah et al. (2012) in their experimental study of free vibration found that the transverse amplitude of cylinder oscillation is larger than the inline amplitude yielding slender elliptical paths perpendicular to the free stream. That is why the objective of this paper is to perform a computational investigation at two subharmonic frequency ratios and for the harmonic case for six amplitude ratios at Re=150 in the case of a slender elliptical path. NOMENCLATURE a 0x,y cylinder acceleration in x or y directions, respectively, non-dimensionalized by
components in x and y directions v vortex 0 for cylinder motion; for stationary cylinder at same Re
COMPUTATIONAL METHOD AND SETUP
A non-inertial system fixed to the cylinder is used to compute the two-dimensional (2D) low-Reynolds number unsteady flow around a circular cylinder placed in a uniform stream and forced to oscillate in transverse, in in-line direction, or both. The non-dimensional Navier-Stokes equations for incompressible constant-property Newtonian fluid, the equation of continuity and the Poisson equation for pressure can be written as follows:
In these non-dimensionalized equations, u and v are the x and y components of velocity, t is time, p is the pressure, Re is the Reynolds number based on cylinder diameter d, free stream velocity U, and kinematic viscosity υ, and D is the dilation. Although D is theoretically equal to 0 for incompressible fluids from Eq. (3), it is kept in Eq. (4) to avoid accumulation of numerical errors. In Eqs. (1) and (2) a 0x and a 0y are the x and y components of cylinder acceleration, respectively.
On the cylinder surface, no-slip boundary condition is used for the velocity and a Neumann type boundary condition is used for the pressure. At the far region, potential flow is assumed. The author is aware that the potential flow assumption is not valid for the narrow wake at the outlet boundary. Our numerical analysis and tests showed, however, that this simplifying assumption results in only a small distortion of the velocity field near the outlet boundary of the wake region, Baranyi and Shirakashi (1999) and Baranyi (2008) .
Boundary-fitted coordinates are used in order to impose the boundary conditions accurately. Using unique, singlevalued functions, the physical domain bounded by two concentric circles is mapped onto a rectangular computational domain with equidistant spacing in both directions (see Fig.  1 ). In the physical domain logarithmically spaced radial cells are used, providing a fine grid scale near the cylinder wall and a coarse grid in the far field. The transformed governing equations and boundary conditions are solved by finite difference method. Space derivatives are approximated by fourth order central differences, except for the convective terms for which a third order modified upwind scheme is used. The Poisson equation for pressure is solved by the successive over-relaxation (SOR) method. The Navier-Stokes equations are integrated explicitly and continuity is satisfied at every time step. For further details see Baranyi (2008) .
Figure 1. Physical and computational domains
The 2D code developed by the author has been extensively tested against experimental and computational results for a stationary cylinder (from Chakraborty et al., 2004) and computational results for cylinders oscillating in transverse or in in-line directions or following a circular path, including those of Lu and Dalton (1996) , Al-Mdallal et al. (2007) , and Didier and Borges (2007) , with good agreement being found (see Baranyi, 2008) . In this study the dimensionless time step is 0.0005, the number of grid points is 361x292 (peripheral x radial), and the physical domain is characterized by R 2 /R 1 =160.
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Copyright © 2013 by ASME This numerical study investigates the behavior of flow past a cylinder placed in a uniform stream with its axis perpendicular to the velocity vector of the main flow. The cylinder is oscillated mechanically in both in-line and transverse directions in relation to the uniform stream. The (x 0 ,y 0 ) displacement of the center of the cylinder is described by the following equations:
where A x and A y and f (=f x =f y ) are the dimensionless cylinder oscillation amplitudes and frequency, respectively. Here ε is the amplitude ratio, which is a parameter of the investigation.
Equations (5) and (6) lead to an elliptical cylinder path with a clockwise orbit, illustrated in Fig. 2 . Naturally the second time derivatives of x 0 and y 0 in Eqs. (5) and (6) give the accelerations a 0x and a 0y in Eqs. (1) and (2).
Figure 2. Layout of the path
During the systematic numerical investigation the value of amplitude ratio ε is kept constant at 0, 0.1, 0.2, 0.3, 0.4, or 0.5 for Re=150, while amplitude A y is varied in the lock-in domain.
Larger ε values mean a "thicker" elliptical path, but even the largest ε value investigated ensures the relatively slender elliptical path (A x =0.5 A y ) found to occur in the experimental study of Kheirkhah et al. (2012) . Computations are carried out for three frequency ratios of f/St 0 =0.8, 0.9 and 1.0 in the lock-in domain, where St 0 is the dimensionless vortex shedding frequency, or Strouhal number, belonging to a stationary cylinder at a given Reynolds number. While computations have also been carried out at three amplitude ratios for Re=200 and 250, due to lack of space this paper focuses on the investigation for Re=150.
The distributions of pressure, velocity, vorticity and stream function and time-history of force coefficients (lift, drag, base pressure and torque) are computed. Based on these data the mechanical energy transfer E between the fluid and the moving cylinder in one motion period, the time-mean and root-mean-square (rms) values of lift, drag, base pressure and torque coefficients are also determined.
Throughout this paper the lift and drag coefficients used, unless otherwise stated, do not contain the inertial forces originating from the non-inertial system fixed to the accelerating cylinder. Coefficients obtained by removing the inertial forces are often termed 'fixed body' coefficients (see Lu and Dalton, 1996) . The relationship between the two sets of coefficients can be written as
where subscript fb refers to fixed body (understood in an inertial system fixed to the cylinder), (see Baranyi, 2005) .
Here a 0x and a 0y are the cylinder acceleration components, just like in Eqs. (1) and (2). Since the inertial terms are T-periodic functions (T=1/f), the time-mean values of the non-inertial terms (containing a 0x or a 0y ) vanish, resulting in identical time-mean values of lift and drag in the two systems. Naturally the rms values of force coefficients will be somewhat different in the inertial and non-inertial systems.
RESULTS
In this study, 2D computations are carried out for the flow past a circular cylinder forced to follow an elliptical path of varying shape. Time-mean (TM) and root-mean-square (rms) values of lift, drag, and base pressure coefficients are presented in the lock-in domain at Re=150 first for the frequency ratio f/St 0 =0.9, which is nearer to the harmonic lock-in, then for f/St 0 =0.8, and finally some results are shown for the case of harmonic forcing, i.e., for f/St 0 =1.0. A pre-and post-jump analysis is also presented for one case.
Results for Frequency Ratio f/St 0 =0.9
The TM of lift (equivalent to the TM of fixed-body lift) is shown for different frequency ratios ε=A x /A y against transverse oscillation amplitude A y in Fig. 3 . The value ε=0 (eps=0 in the figure) means pure transverse oscillation. As was found earlier (see e.g. Baranyi, 2009 Baranyi, , 2010 ) the TM of lift for a transversely oscillating cylinder is zero due to symmetry. As can be seen in the figure the TM of lift increases with both ε and A y . Steep changes (jumps) can be seen in the curves for ε=0.2 and 0.3. At this point a tiny change in the A y values results in a substantial change in the TM of lift; which is probably a symptom of a vortex switch. There are two attractors in this non-linear system, each with a basin of attraction; if the sets of parameter values are near to the boundary separating the two basins of attraction, then a tiny
Copyright © 2013 by ASME change in one parameter might be sufficient to change the attractor (Strogatz, 1994) . For ε=0.4 and 0.5 the lock-in domains terminate at around A y =0.6. It should be mentioned that these curves are very different from the curves shown in the study of Baranyi (2008) where jumps occur even at very small A y values. The main difference between these studies are that in the 2008 study the inline amplitude A x was fixed at a value at which lock-in occurs even at A y =0 and then the A y value was varied. The rms values of fixed-body lift against A y are shown in Fig. 4 for the same six ε values as in Fig. 3 . It can be seen in the figure that C Lfb,rms values increases steadily with A y . It can also be seen that the shape of the cylinder path hardly affects the dependent variable up to around A y =0.76, since all six curves group together up to this A y value, while around and above this value a jumps occurs in ε=0.2 and 0.3. No jumps are found in the lock-in domain for other ε values. The rms values of fixed-body drag against A y are shown in Fig. 6 . In contrast with the TM of drag the rms of drag shows a pronounced dependence on the shape of the cylindrical path (i.e. on ε) as seen in the figure (curves belonging to different ε values do not group). As can also be seen in the figure C Dfb,rms increases with both ε and A y in the largest part of the investigated domain. The rms value increases for ε=0 and 0.1 over the whole A y domain, for ε=0.4 and 0.5 it reaches its maximal value and slightly decreases just before the termination of the lock-in domain, while ε=0.2 and 0.3 curves contain jumps. It is worth mentioning the pronounced effect of ε on the amplitude of the drag signal (i.e. the C Dfb,rms value). The TM of base pressure (the non-dimensional pressure at the cylinder point furthest downstream) is shown against A y in Fig. 7 . The TM of (-C pb ) increases with A y , and the shape of the cylinder path hardly affects the base pressure up to around
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Copyright © 2013 by ASME Figure 9 shows the TM of lift against A y . Compared to the case of f/St 0 =0.9 (see Fig. 3 ), the effect of ε on the values are smaller here in the A y domain before the jumps. The TM of lift values is also smaller in this case (before the jumps). It is also obvious from the figure that lock-in domains starts at larger A y values for the f/St 0 =0.8 case, as expected (the amplitude threshold for lock-in increases as the gap between the given frequency ratio and f/St 0 =1.0 widens). The rms values of fixed-body lift against A y curves shown in Fig. 10 are very similar to those of their f/St 0 =0.9 counterpart (see Fig. 4 ), with the difference that in this case the rms of lift is somewhat lower over the whole A y domain. The TM of drag against A y is shown in Fig. 11 . The curves are very similar to those shown in Fig. 5 with the main difference that the TM of drag is smaller for the smaller frequency ratio.
The rms of fixed body drag is plotted against A y for the six ε values in Fig. 12 . Compared to Fig. 6 the main differences are that in this case the upper locked-in values are higher, the jumps occur at curves belonging to different ε values and that the rms values are generally somewhat smaller here. The cases are similar in that the values strongly depend on the shape of the cylinder path characterized by ε.
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Copyright © 2013 by ASME Figure 13 shows the TM of base pressure against A y . The curves group together even more than in Fig. 7 before the jumps and the TM of (-C pb ) values is smaller here.
Finally, Fig. 14 gives the rms values against A y . Compared to Fig. 8 here the effect of ε seems to be somewhat stronger, the jumps are more pronounced and the values are somewhat smaller compared to the f/St 0 =0.9 case. 
Pre-and Post-Jump Analysis
The vicinity of a jump is investigated by different means, such as time history of lift, (drag-lift) and (lift-time derivative of lift) limit cycles, and vorticity contours. The data for the jump investigated here is: f/St 0 =0.8; ε=A x /A y =0.4; the pre-jump A y value is A y-=0.8637; the post-jump A y value is A y+ =0.8638. The jump can be seen clearly in Fig. 12 , for instance. Figures 17 and 18 show the time-history of lift and limit cycle (C D ,C L ) curves for pre-jump (thick line) and post-jump (thin line) A y values, respectively. A tiny change in the A y value leads to a very substantial change both in the time history of lift and in the limit cycle curves. This is because the boundary between the two basins of attractions is crossed (Strogatz, 1994) . (Fig. 19 ) and post-jump (Fig. 20) transverse amplitude values.
Again, quite substantial differences occur. The curve in Fig.  19 contains an extra loop. There is no loop in Fig. 20 ; the curve contains a cusp instead. 
